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Nonequilibrium processes
S
® Why NEQ processes?

- biological cell (molecular motors, protein reactions, ---)
- electron, heat transfer, .. in hano systems

- evolution of bio. species, ecology, socio/economic SYys., ...
- moving toward equilibrium & NEQ steady states (NESS)
- inferface coarsening, ageing, percolation, driven sys., ---
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Brief history of FT (I)

e Evans, Cohen, Morris (1993)

observation of F'T' in molecular dynamics simulations on fluid systems
e Gallavotti and Cohen (1995)

analytic derivation of FT in “deterministic” systems (NEQ steady state)

P(AS AS P(AS) 1
P((_AS)‘) — € (Detailed FT)

Gallavotti-Cohen symmetry J l
0

<€_AS> = 1= fd(AS)P(AS)%TAS (Integral FT)

® Jensen’s inequality ((e”) > e{*?) leads to (AS) > 0.
- Thermodynamic 2nd law is a consequence of(@¥) spmihedry JFT).
» Special NEQ pocesses, NEQ steady state with y =z — (CU>




Brief history of FT (ll)

B mmmmn I

e Jarzynski (1997) (e7BPW) = e=PAF

FT in Hamiltonian systems (work-free energy relation)

e Kurchan (1998)

FT in Langevin equation approach for stochastic systems

e Lebowitz and Spohn (1999) * Bochkov /Kuzovlev (1977)
FT in master equation approach for stochastic systems

e Crooks (1999) Pp (W) BW —BAF

= €
DFT for stochastic systems Pr(—=W)

e Hatano and Sasa (2001) two independent F'T
FT in NEQ steady states AS = ASpr + ASe,
e Speck/Seifert /van den Broeck
e Sagawa/....

e Our group/Spinney/Ford odd parity

Information entropy

e Experiments: Bustamante(2002, 2005), Ciliberto(2002,2005), ...




Thermodynamics

Themodyn. 15t law reservoir at I’

external
AE:Q+W 0 i | agents

Themodyn. 2 law S: entropy ASiotal = ASs + AS;

(AStotal) = 0 Phenomenological law — diSmské gg/vcbsz A F99

Total entropy does not change during reversible processes.

Total entropy increases during irreversible (NEQ) processes.

Jarzynski equality

» Work and Free energy (F =FE —T5S)
W = AE—-Q=AE+TAS, AS,=-% (e W) =¢ PAF
— AF — TASS -+ TAStotal = AF + TAStotal




Jarzynski equality & Fluctuation theorems

EEl-_ N
Simplest derivation in Hamiltonian dynamics | g = %ﬁ + 1 g2
m

 state z = (x, p) with A = A(7)

- Hamiltonian (deterministic) H dynamics w/o heat reser.
' consider a dynamic path z, with 0 <7 <t

| introduce a time-dependent parameter A\, : H = H)

A 4 average over EQ) initial ensemble p(zp,0) at T =1/p
o W(z:| = Hy,(2:) — Hx,(20) (no heat reservoir Q =0 — W = AF)
o (W) = [ D2, Pp(z,;)e PVl = J dzop(20,0)e= P ( Pr(2) = p(20,0))
e p(20,0) = e_ﬁH’*ﬂ(zD)/Z)m (Zx, = fdzoe_ﬁHku (20): partition function)
e Liouville theorem (dp(z,,7)/dT = 0) guarantees Jacobian |0z;/0zy| = 1
o (e 1 [ dzy e BEA(0) o= B(Hx, (20)~ Hxz0))
= Z)\t/Z)\O = e PN —F) = o=BAF (e7PW) = e=PAF

-Intial distribution must be of Boltzmann (EQ) type. crucial
-Hamiltonian parameter changes in time. (special NE type). generalized
-In case of thermal contact (stochastic) ? still valid




Jarzynski equality & Fluctuation theorems

Crooks “‘detailed” fluctuation theorem

Zt 9 Forward path z, with 0 <7 <t
§ Backward (reverse) path Z, with z, = z;_, (5, = —pi—-)

~

9 Reverse protocol: A\ = A\;_; odd variable

9 EQ initial ensemble for both F(B)-paths.
Pr(z:)  p(20,0)  Zy, e PHro(0)

° — eﬁ (W—-AF)F time-reversal symmetry

PR(E’T) p(EOa 0) ZAO €_BH""5(Z*) for deterministic dynamics

o (Oz])r = [ Dz, Pr(2,)0|z]= [ Dz, Pr(z;)ePWEIZA O[]
= (O[z]e PWEN i . e BAF with W[z] = —W[e]
e For O[z] = §(W — W|z]), we have Pr(W) = (§(W + W|[2])) g - ePW —PAF

Prp (W —
> P;E(—H;) = e’BW ZE Crooks detailed FT for PDF of Work

o For O[z] = e W (e=AW) = e=BAF (Jarzinsky equality) “Integral” FT




Experiments

DNA hairpin mechanically unfolded by optical tweezers

Collin/Ritort/Jarzynski/Smith/Tinoco/Bustamante,

Nature, U371, 8 (2005)
Trap Hairpin

) — @—== [Detailed fluctuation theorem
Handles

Pr(W) _ cBW —BAF
Pr(—W)

®—@ STRETCH (slow)
|G- —© RELEASE (slow)
B—8 STRETCH (medium)
[ - £1RELEASE (medium)
€ —& STRETCH (fast)

& -~ RELEASE (fast)

o At PF(W) = PR(—W),
O . W must be the same as AF/,
T Work (g Tunits) 2 independent of intermediate processes.

e Considerable prob. for W < AF e FEfficient measurement of AF




[Wang etal '02] a/k =3 ms
[Garnier&Ciliberto "05]

e Electric current
Thermal conductivity R.Van Zon, et al

1n nanotubes PRL 92, 130601 (2004).

Vb N. Garnier, S. Ciliberto
PRE 71, 060101 (2005)
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C.W. Chang, et al. 4 19
PRL 101, 075903 (2008) 0.2 | 107 "W
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PNAS 106, 10116 (2009)

Universal oscillations in counting statistics

C. Flindta®, C. Fricke<, F. Hohls®, T. Novotny®, K. Netocnyd, T. Brandes®, and R. J. Haug®

3Department of Physics, Harvard University, 17 Oxford Street, Cambridge, MA 02138; PFDepartment of Condensed Mattor Phy:
and Phiysics, Charles Univarsity, Ke Karlowvu 5, 12116 Prague, Czech Republic “Institut for Festkorperphysik, Leibniz Universitat
Germany; “Institute of Physics, Academy of Sciences of the Czech Republic, Na Slovance 2, 18221 Prague, Czech Republic and

Physik, Technische Universitat Berlin, D 10622 Berlin, Germany
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Fig. 1. Real-time counting of electrons tunneling through a quantum dot.
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Non-Equilibrium Fluctuations of Black Hole Horizons

Satoshi Iso Susumu Okazawa and Sen Z-ha:n
KEK Theory Center, Institute of Particle and Nuclear Studies,
High Energy Accelerator Research Organization(KEK)
and
The Graduate University for Advanced Studies (SOKENDAI),
Oho 1-1, Tsukuba, Ibarak: 305-0801, Japan
(Dated: August 9, 2010)

We investigate non-equilibrium nature of fluctuations of black hole horizons by applying the
fluctuation theorems and the Jarzynski equality developed in the non-equilibrium statistical physics.
These theorems applied to space-times with black hole horizons lead to the generalized second law
of thermodynamics. It is also suggested that the second law should be violated microscopically so
as to satisfy the Jarzynski equality.
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Stochastic thermodynamics
[Sekimoto(1998),Seifert (2005)]

\iicroscopic deterministic dynamics

: , _ e Hamilton equation
approximation (truncation) e TR symmetry

Stochastic dynamics

. . L . t.
lstochastlc thermodynamics e Langevin equation

e Master equation

equilibrium SM

trajectory level
energetics? entropy production? e TR symmetry broken

Macroscopic thermodynamics

e NOT really dynamics
e TR symmetry broken



Langevin (stochastic) dynamics

¢ Brownian particle in a potential V' with protocol A\(¢) & external force g(x)
0V=—-0,V(r;\)+g(x)—vyv+E& (v=x & m =1) thermal reservoir
with (£(¢)&(t))) = 2D6(t — t') and v = 8D (Einstein relation)

e Kinetic energy K and Total energy E: UL S plolet

T
. (Stratonovich) x;
K — 4 [LU2] = v0 = —00,V +vg + v(—yv + &)
. (flt 2 . . . T trajectory
E=K+V(z;\) =K+ 2(0,V) + A0,V 0

. . . reservoir at 3
— ,U(_,-)/v _|_ g) _I_ fug _|_ )\(a)\V) p— Q + W external
Q @ 7 | agents

e Heat Q and Work W  (at the trajectory level)
Q=v(—yw+¢) and W =wvg+ A0\V)  (Jarzynski work)

e Entropy production ASiot : ASior = ASres + ASsys 777 (trajectory)
ASies = —fQ and ASgs = —In(ps, /pz,) (Shannon entropy)



Stochastic process, lIrreversibility & Total entropy production

state space

€ Dynamic trajectory in state space
with a set of state variables: x = (s1, 82, ) '\f‘\)
‘ . trajectory X
e under time-reversal operation: s; — €;s; (€; : parity) _(_) ________________________
e odd-parity variable: ¢; = —1 (momentum, ...) hme.—rev X
even-parity variable : ¢; = 1 (position, ...)

e “time-reversed” (mirror) state : ex = (€151, €s9, - -

¢ Irreversibility (total entropy production)

Px] P(x):probability of traj. x =~ Time-reversed

A =1 N _ :
Stot[x] " P |X] x: time-reversed traj. dynamics 77

e integral fluctuation theorem (FT) : automatic
(e7B5wt) =3 Plx|e A5t =3 P[x] = 1 (Jacobian |9%/9x| = 1).
(valid for any finite-time “transient” process)  (ASio) > 0

e detailed fluctuation theorem (FT) : involution, i.c.-sensitive

P(AStot)/P(—AStot) = et et [Seifert(2005), Esposito/vdBroeck(2010)]



Total entropy production and its components _ .

(e=A50t) = 1, P(ASior)/P(—ASior) = €25t 2
X
[A] ASiot[x] = ASsys[x] + ASeny [X] 0

o ASsys = —In(ps./pz,) (Shannon entropy) reservoir at 1’

external
® AScry = ASpes = _% Q | agents
without feedback control

changing external agents (information entropy: Maxwell’s demon)
o AS.ys, ASres 1 not FT' variables

[B] ASiot[x] = AShk|[x] + ASex|x]
e AS;: EP to maintain the NESS [Hatano/Sasa(2001), Speck/Seifert(2005)]

e AS.: EP regarding transitions between steady states (A(1))
o AS.y, ASh : FT variables (e 2%x) =1, (e72%mk) =1 o 214 Taws

o ASy : adiabatic, AS., : non-adiabatic (ASey vanishes in A — 0 limit)

(even-parity variable only: overdamped case) [Esposito/vdBroeck(2010)]



reservolr at 1’

external
agents

Fluctuation theorems

(Wq =W — AF": dissipated work)

< —BWy

_ (S; = S + S,: total entropy)
sty o1 (a8 as-pan

<€—A3hk> — 1 (AShr = —BQnk)

Integral fluctuation theorems



Fluctuation theorems

Integral fluctuation theorems

(e™BY =1 (R=AS,, W4, AS — BQew, —BQur, - -

Jensen’s inequality ((e®) > e{*?) leads to (R) > 0.
Thermodynamic 2" laws

Detailed fluctuation theorems

P(R) _ _R ~R _
PR e /dRP(R)e =1




Probability theory

~ state space

» Consider two normalized PDF’s : P(z,), P(Z,)

)
ZZT P(zr) =1, ZET 75(57) =1 with z; = n(z;) " trajectory

* Define “relative entropy” |J(m)| =1
R(z;) =In ?H m) (e = ) e EIP(z)
P — D(3.) =
ASio[x] = In % ; P(zr) =1

(R)p >0

. —R
€ =1
Integral fluctuation theorem ( >7? (Kullback-Leibler divergence)

(exact for any finite-time trajectory)



Probability theory

~

» Consider the mapping:  P(z;) = f o P(z,) 5

* Require | f? =TI (involution) reverse path

50~ P(Z, Z, _ P(zr
then, R(Z,) = In foé(;) = In P(zr) _ —R(z;) R(z;) =In fo’](?(z.)r)

P(R) = » 6(R— R(z))P(z)

= Y §(R+ R(2))e "EIP(z,) = P(—R)e"

P(R) _ R (exact for any finite t)

Detailed fluctuation theorem = —
P(—R)

(O(2:))p = (O(2,)e™ BE)) S lwith O(z,) = O(%,)

(Generalized Crooks’ relation)



Dynamic processes & Path probability ratio

9 Hamiltonian (deterministic) dynamics without any heat reservoir
with a time-dependent parameter A\, : H = H) [ — 21)_2 + 1A 22
m T
9 Langevin (stochastic) dynamics with white noise a‘f‘ﬁﬁhﬁ"’ =)
and nonconservative force g : 2 = -0,V (2; ;) + g(2) + &(7)

9 Markovian discrete (stochastic) dynamics with transition rate
w, . for 2/ — z: py, =D, (W (Ar)par (T) — wor 2 (Ar)p2(T))

¥ Thermostatted systems
2t

* Path probability ratio: j\)
> zZ,. - lime-reverse

(ZT) po(’zO)H(ZT) 0 path
) = 1 — 1 — -
e =pi) = G
(IT(2;) : conditional probability for path z)

he

he



Markovian jump dynamics | «gxe K

e Markovian discrete dynamics: . Wtz 2,
P = Zz’ (w22 (Ar)par (T) — war 2 (A7 )p2(T)) % i
24 I KO E
Z WZ 2! ( )pZ'(T)| Dz = z,Z()\T)pz (TJ) E.Zj
Wz,z’ = Wz, — 6z,z’ Ez” Wzt 2 Zz Wz,z’ =0 (StO bE .o i
e Conditional probability for trajectory z, P P I
with ﬁxed 2(0) = zp and )\ To T Ti=17i TN TN+1
d-r 7 z(rAW; dr'W.. . Aqu}w an (
H('ZT) ~ — ﬁ/ = Bi ¥ Wzl Z0 (/\Wz}k g_;r ( ) K f 321\;1?17'2
e For reverse trajectory z, with fixed Z(0) = z; and A= M\
. TodrWa. .. (M) AT Wy s (A
H(Z—;—) ~ Hf:1 ef'rj—1 T j—1:%j-1 WZj_l,Zj (’\Tj) . efTN T N N( )
M(zr) _x~y W <
q Log ratio: In ——" = 3" n 03 Tf’ _“AS (20) | = —BQ(2;)

H(ET) le WZJ 1 ZJ
(Schnakenberg, 1976) (reservmr EP)

Micro-reversibility



Rese 'O | I e ntro py C h an g e Schnakenberg/Hinrichsen

w,, ./ (§4wu,u/ €,
wz’,z Qz’ E wu/,u

instantaneous relaxation into a sector

Micro-reversibility :
W' Py = Wy Py, (detailed balance)

‘ Wy ,u = Wy u

_ IT(2r)
e AS,.(z;) =1In T

More transparent in Langevin dynamics description



Langevin dynamics :f’\f
9 Brownian particle with “external” force g(x)

v=g(x)—yw+E (v=&m=1)
with (£(¢)&(t))) = 2D6(t — t') and v = D (Einstein relation)

£2 _ [T a2 (¢ — )2
H[:Ut] ~ e fo dtip e fo dt 15 (v+yv—g) (Onsager-Machlup)

v — —U
it —> 17—1

In =—— | dtv(v—g)

= -0 fOT dt v(—yv+¢&) = —BQ(zr) = AS,(x)



Fluctuation theorems 2t

T, )
* R(z;) =1In PEEJ = In H(ET);;O P(zr) = H(zr)pgo % ©

reverse path

e

Irreversibility (total entropy production)

e Choose p2 = p.,(t) with arbitrary p? .

I(z,)p? I(z,) P, B
e R(2;) =1In TG, () — ey T g (g = A5+ AS = Ao

(e=A5tet) =1 but (e725) £ 1 and (e72%) #£1

e NOT involutive (f? # I) due to i.c.

e Only if starting with the stationary distribution p$ with constant A,
then f? = I and DFT holds.

P(—AS;)



Fluctuation theorems 2t

2 I1(z-) 20 -
*x R(2;) =1In PEEJ =1In H(ET);;O P(zr) = U(zr)p) - ©

reverse path

e

Work free-energy relation (dissipated work)

e Choose p? = e AP(0i20)+AF (o) and pY = e AE(zA)FTBF(A)
0 0
linitially, start with equilibrium Boltzmann distribution.]

(2, )p?,
o R(ZT) = In H('z})p"go — AS’P(ZT) o /BAF + BAE(ZT)

= —BQ(2,) + BAE(z,) — BAF = B(W(z,) — AF) = BWa(z;)
o f2=1.

o (e7PWa)y =1 or (e W) = e PAE and % = ePW=AF),

e Other NEQ) initial conditions? FT approx. valid for large ¢,
but not for rare events with exponentially small probability.

(Initial memory does not go away forever !)



Fluctuation theorems 2t

P Zr H(Z'r) 20 ~
* Rlzr) =1n 7’%"7% = H(Ef)ggo P(zr) = L(zr)pz, 20 ’

reverse path

House-keeping & EXcess entropy production

o ASior(2r) = AShi(2:) + ASey(2r) D3, = Pz (1)

N | NEQ steady state (NESS) p5(\
o T(z) = [[;n, H(2r,; 27, ,) for fixedy. 0=3"_, W, (\)pS

(zr. ;2. )PS5 0
o N TiIRT -1 Z; H(ZT)]? 0o 0

|

S
z.
ﬁ.
=
=

e AS..(27) = Zj-vzll ((; )) + In pf:?t) = In H(ZT)pZOO with ~1LOO = p., (t)

W () "(f‘&pi(“ SWE, =0 (e=8Sm) = 1 and (eA5) = 1

DB — W;:z, s Wz’z/—> Ashk — OP+(—AShk) — eAShk & ~P(AS€&3) ) # eASea:




Dynamic processes with odd-parity variables?

€ underdamped Brownian dynamics with potential V' (x)
x=v (E()E" (1) = 2D16(t — ¢')
V= €= VVIX) v = 8D (Einstein relation)

v : odd-parity variable (v — —v under time-rev. op.)
X : even-parity variable

€ underdamped dynamics with general NEQ) forces
v=—w+E&-VV(x;\t)) + f..(x) + g(x,Vv)
A(t) : time-dep. protocol
f,.(x) : non-conserv. force like swirling force, nano-heat engine
g(x,v) : velocity-dep. force in active matter dynamics,
feedback control, magnetic force, molecular refrigerator, ...



If odd-parity variables are introduced ?7??

[A] ASeny = ASies 77 NO !
ASeny = ASres + ASoqqa (deterministic irreversibility)

In the steady state, (A Senvgérh; VGQ@S%‘S(;@?- dorce

[CKwon/JYeo/HKLee/HP(20137)]

IB] ASex, AShi : FT variables 77 Yes & No !!

ASex: FT  ASyk: not FT in general (p) # pg,)
AShk = ASypp + AS.. (AShk) can be negative.
ASyp: FT  AS,s: not FT

[HKLee/CKwon/HP(2013)]



Ending

B mmmmn I

s+ Remarkable equality in non-equilibrium (NEQ) dynamic processes,
including Entropy production, NEQ work and EQ free energy.

% Turns out quite robust, ranging over non-conservative deterministic
system, stochastic Langevin system, Brownian motion, discrete Markov
processes, and so on.

3 Still source of NEQ are so diverse such as global driving force, nhon-
adiabatic volume change, multiple heat reservoirs, multiplicative noises,
nonlinear drag force (odd variables), and so on.

% Validity and applicability of these equalities and their possible
modification (generalized FT) for general NEQ processes.

3 More fluctuation theorems for classical and also quanfum systems
% Still need to calculate P(W), P(Q), --- for a given NEQ process.

% Effective measurements of free energy diff., driving force (torque), ..



